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Abstract—This paper develops an optimization framework
for self-organizing networks (SON). The objective is to ensure
efficient network operation by a joint optimization of different
SON functionalities, which includes capacity, coverage and load
balancing. Based on the axiomatic framework of monotone and
strictly subhomogeneous function, we formulate an optimization
problem for the uplink and propose a two-step optimization
scheme using fixed point iterations: i) per base station antenna tilt
optimization and power allocation, and ii) cluster-based base sta-
tion assignment of users and power allocation. We then consider
the downlink, which is more difficult to handle due to coupled
variables, and show downlink-uplink duality relationship. As a
result, a solution for the downlink is obtained by solving the
uplink problem. Simulations show that our approach achieves a
good trade-off between coverage, capacity and load balancing.
I. INTRODUCTION
A major challenge towards self-organizing networks (SON)
is the joint optimization of multiple SON use cases by coor-
dinately handling multiple configuration parameters. Widely
studied SON use cases include coverage and capacity opti-
mization (CCO), mobility load balancing (MLB) and mobility
robustness optimization (MRO) [1]. However, most of these
works study an isolated single use case and ignore the conflicts
or interactions between the use cases [2], [3].
In contrast, this paper considers a joint optimization of two
strongly coupled use cases: CCO and MLB. The objective is
to achieve a good trade-off between coverage and capacity
performance, while ensuring a load-balanced network. The
SON functionalities are usually implemented at the network
management layer and are designed to deal with “long-term”
network performance. Short-term optimization of individual
users is left to lower layers of the protocol stack. To capture
long-term global changes in a network, we consider a cluster-
based network scenario, where users served by the same base
station (BS) with similar SINR distribution are adaptively
grouped into clusters. Our objective is to jointly optimizing
the following variables:
• Cluster-based BS assignment and power allocation.
• BS-based antenna tilt optimization and power allocation.
The joint optimization of assignment, antenna tilts, and powers
is an inherently challenging problem. The interference and the
resulting performance measures depend on these variables in a
complex and intertwined manner. Such a problem, to the best
of the authors’ knowledge, has been studied in only a few
works. For example, in [4] a problem of jointly optimizing
antenna tilt and cell selection to improve the spectral and
energy efficiency is stated, however, the solution derived by a
structured searching algorithm may not be optimal.
In this paper, we propose a robust algorithmic framework
built on a utility model, which enables fast and near-optimal
uplink solutions and sub-optimal downlink solutions by ex-
ploiting three properties: 1) the monotonic property and fixed
point of the monotone and strictly subhomogenoues (MSS)
functions 1, 2) decoupled property of the antenna tilt and BS
assignment optimization in the uplink network, and 3) uplink-
downlink duality. The first property admits global optimal
solution with fixed-point iteration for two specific problems:
utility-constrained power minimization and power-constrained
max-min utility balancing [5], [8]–[10]. The second and third
properties enable decomposition of the high-dimensional op-
timization problem, such as the joint beamforming and power
control proposed in [11]–[14]. Our distinct contributions in
this work can be summarized as follows:
1) We propose a max-min utility balancing algorithm for
capacity-coverage trade-off optimization over a joint space of
antenna tilts, BS assignments and powers. The utility defined
as a convex combination of the average SINR and the worst-
case SINR implies the balanced performance of capacity and
coverage. Load balancing is improved as well due to a uniform
distribution of the interference among the BSs.
2) The proposed utility is formulated based on the MSS
functions, which allows us to find the optimal solution by
applying fixed-point iterations.
3) Note that antenna tilts are BS-specific variables, while
assignments are cluster-specific, we develop two optimization
problems with the same objective functions, formulated ei-
ther as a problem of per-cluster variables or as a problem
of per-base variables. We propose a two-step optimization
algorithm in the uplink to iteratively optimize the per BS
variables (antenna tilts and BS power budgets) and the cluster-
based variables (assignments and cluster power). Since both
problems aim at optimizing the same objective function, the
algorithm is shown to be convergent.
4) The decoupled property of antenna tilt and assignment
in the uplink decomposes the high-dimensional optimization
problem and enables more efficient optimization algorithm. We
1Many literatures use the term interference function for the functions satisfy
three condotions, positivity, monotonicity and scalability [5]. Positivity is
shown to be a consequence of the other two properties [6], and we use the
term strctly subhomogeneous in place of scalable from a constraction mapping
point of view in keeping with some related literature [7].
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then analyze the uplink-downlink duality by using the Perron-
Frobenius theory [15], and propose an efficient sub-optimal
solution in the downlink by utilizing optimized variables in
the dual uplink.
II. SYSTEM MODEL
We consider a multicell wireless network composed of a set
of BSs N := {1, . . . , N} and a set of users K := {1, . . . ,K}.
Using fuzzy C-means clustering algorithm [16], we group
users with similar SINR distributions2 and served by the same
BS into clusters. The clustering algorithm is beyond the scope
of this paper. Let the set of user clusters be denoted by
C := {1, . . . , C}, and let A denote a C×K binary user/cluster
assignment matrix whose columns sum to one. The BS/cluster
assignment is defined by a N × C binary matrix B whose
columns also sum to one.
Throughout the paper, we assume a frequency flat channel.
The average/long-term downlink path attenuation between N
BSs and K users are collected in a channel gain matrix H ∈
RN×K . We introduce the cross-link gain matrix V ∈ RK×K ,
where the entry vlk(θj) is the cross-link gain between user l
served by BS j, and user k served by BS i, i.e., between the
transmitter of the link (j, l) and the receiver of the link (i, k).
Note that vlk(θj) depends on the antenna downtilt θj . Let the
BS/user assignment matrix be denoted by J so that we have
J := BA ∈ {0, 1}N×K , and V := JTH . We denote by r :=
[r1, . . . , rN ]
T , q := [q1, . . . , qC ]T and p := [p1, . . . , pK ]T the
BS transmission power budget, the cluster power allocation
and the user power allocation, respectively.
A. Inter-cluster and intra-cluster power sharing factors
We introduce the inter-cluster and intra-cluster power shar-
ing factors to enable the transformation between two power
vectors with different dimensions. Let b := [b1, . . . , bC ]T
denote the serving BSs of clusters {1, . . . , C}. We define
the vector of the inter-cluster power sharing factors to be
β := [β1, . . . , βC ]
T , where βc := qc/rbc . With the BS/cluster
assignment matrix B, we have q := BTβ r, where Bβ :=
B diag{β}. Since users belonging to the same cluster have
similar SINR distribution, we allocate the cluster power uni-
formly to the users in the cluster. The intra-cluster sharing
factors are represented by α := [α1, . . . , αK ]T with αk =
1/|Kck | for k ∈ K, where Kck denotes the set of users
belonging to cluster ck, while ck denotes the cluster with
user k. We have p := ATαq, where Aα := Adiag{α}. The
transformation between BS power r and user power p is then
p := Tr where the transformation matrix T := ATαB
T
β .
B. Signal-to-interference-plus-noise ratio
Given the cross-link gain matrix V , the downlink SINR of
the kth user depends on all powers and is given by
SINR
(d)
k :=
pk · vkk(θnk)∑
l∈K\k pl · vlk(θnl) + σ2k
, k ∈ K (1)
2We assume the Kullback-Leibler divergence as the distance metric.
TABLE I
NOTATION SUMMARY
N set of BSs
K set of users
C set of user clusters
A cluster/user assignment matrix
B BS/cluster assignment matrix
J BS/user assignment matrix
ck cluster that user k is subordinated to
Kc set of users subordinated to cluster c
H channel gain matrix
V interference coupling matrix
V˜ interference coupling matrix without intra-cell interference
V˜b interference coupling matrix depending on BS assignments b
V˜θ interference coupling matrix depending on antenna tilts θ
r BS power budget vector
q cluster power vector
p user power vector
α intra-cluster power sharing factors
β inter-cluster power sharing factors
Aα transformation from q to p, p := ATαq
Bβ transformation from r to q, q := BTβ r
T transformation from r to p, p := Tr
θ BS antenna tilt vector
b serving BSs of clusters
bc serving BS of cluster c
n serving BSs of the users
nk serving BS of user k
σ noise power vector
Pmax sum power constraint
where nk denotes the serving BS of user k, σ2k denotes the
noise power received in user k. Likewise, the uplink SINR is
SINR
(u)
k :=
pk · vkk(θnk)∑
l∈K\k pl · vkl(θnk) + σ2k
, k ∈ K (2)
Assuming that there is no self-interference, the cross-talk terms
can be collected in a matrix
[V˜ ]lk :=
{
vlk(θnl), l 6= k
0, l = k
. (3)
Thus the downlink interference received by user k can be
written as I(d)k := [V˜
Tp]k, while the uplink interference is
given by I(u)k := [V˜ p]k.
A crucial property is that the uplink SINR of user k
depends on the BS assignment nk and the single antenna
tilt θnk alone, while the downlink SINR depends on the BS
assignment vector n := [n1, . . . , nK ]T , and the antenna tilt
vector θ := [θ1, . . . , θN ]T . The decoupled property of uplink
transmission has been widely exploited in the context of uplink
and downlink multi-user beamforming [11] and provides a
basis for the optimization algorithm in this paper.
The notation used in this paper is summarized in Table I.
III. UTILITY DEFINITION AND PROBLEM FORMULATION
As mentioned, the objective is a joint optimization of
coverage, capacity and load balancing. We capture coverage
by the worst-case SINR, while the average SINR is used
to represent capacity. A cluster-based utility Uc(θ, r, q, b) is
introduced as the combined function of the worst-case SINR
and average SINR, depending on BS power allocation r,
antenna downtilt θ , cluster power allocation q and BS/cluster
assignment b.3 To achieve the load balancing by distributing
the clusters to the BSs such that their utility targets can be
achieved 4, we formulate the following objective
max
(r,θ,q,b)
min
c∈C
Uc(r,θ, q, b)
γc
where γc is the predefined utility target for cluster c. The BS
variables (r,θ) and cluster variables (q, b) are optimized by
iteratively solving
1) Cluster-based BS assignment and power allocation
max(q,b) maxc∈C Uc(q, b)/γc given the fixed (rˆ, θˆ)
2) BS-based antenna tilt optimization and power allocation
max(r,θ) maxc∈C Uc(r,θ)/γc given the fixed (qˆ, bˆ).
In the following we introduce the utility definition and
problem formulation for the cluster-based and the BS-based
problems respectively. We start with the problem statement
and algorithmic approaches for the uplink. We then discuss
the downlink in Section V.
A. Cluster-Based BS Assignment and Power Allocation
Assume the per-BS variables (rˆ, θˆ) are fixed, let the in-
terference coupling matrix depending on BS assignment b in
(3) be denoted by V˜b. We first define two utility functions
indicating capacity and coverage per cluster respectively, then
we introduce the joint utility as a combination of the capacity
and coverage utility. After that we define the cluster-based
max-min utility balancing problem based on the joint utility.
1) Average SINR Utility (Capacity): With the intra-cluster
power sharing factor introduced in Section II-A, we have p :=
ATαq. Define the noise vector σ := [σ
2
1 , . . . , σ
2
K ]
T , the average
SINR of all users in cluster c is written as
U¯ (u,1)c (q, b) :=
1
|Kc|
∑
k∈Kc
SINR
(u)
k
=
1
|Kc|
∑
k∈Kc
qcαkvkk[
V˜bATαq + σ
]
k
≥ 1|Kc|
qc
∑
k∈Kc αkvkk∑
k∈Kc
[
V˜bATαq + σ
]
k
= U (u,1)c (q, b) (4)
The uplink capacity utility of cluster c denoted by U (u,1)c is
measured by the ratio between the total useful power and the
total interference power received in the uplink in the cluster.
Utility U (u,1)c is used instead of U¯
(u,1)
c because of two reasons:
First, it is a lower bound for the average SINR. Second, it
has certain monotonicity properties (introduced in Section IV)
which are useful for optimization.
Introducing the cluster coupling term G
(u)
b := ΨAV˜bA
T
α,
where Ψ := diag{|K1|/g1, . . . , |Kc|/gC} and gc :=∑
k∈Kc αkvkk for c ∈ C; and the noise term z := ΨAσ,
3The reader should note that user-specific variables (p,n) can be derived
directly from cluster-specific variables q and b, provided that cluster/user
assignment A and intra-cluster power sharing factor α are given.
4The assignment of clusters also distributes the interference among the BSs.
the capacity utility is simplified as
U (u,1)c (q, b) :=
qc
J
(u,1)
c (q, b)
(5)
where J(u,1)c (q, b) :=
[
G
(u)
b q + z
]
c
. (6)
2) Worst-Case SINR Utility (Coverage): Roughly speaking,
the coverage problem arises when a certain number of the
SINRs are lower than the predefined SINR threshold. Thus,
improving the coverage performance is equivalent to maxi-
mizing the worst-case SINR such that the worst-case SINR
achieves the desired SINR target. We then define the uplink
coverage utility for each cluster as
U (u,2)c (q, b) := min
k∈Kc
SINR
(u)
k = min
k∈Kc
qcαkvkk[
V˜bATαq + σ
]
k
=
qc
maxk∈Kc
[
ΦV˜bATαq + Φσ
]
k
(7)
where Φ := diag{1/α1v11, . . . , 1/αKvKK}. We define a
C × K matrix X := [x1| . . . |xC ]T , where xc := ejK and
eji denotes an i-dimensional binary vector which has exact
one entry (the j-th entry) equal to 1. Introducing the term
G
(u)
b := ΦV˜bA
T
α, and the noise term z := Φσ, the coverage
utility is given by
U (u,2)c (q, b) :=
qc
J
(u,2)
c (q, b)
(8)
where J(u,2)c (q, b) := max
xc:=e
j
K ,j∈Kc
[
XG
(u)
b q +Xz
]
c
. (9)
3) Joint Utility and Cluster-Based Max-Min Utility Balanc-
ing: The joint utility U (u)c (q, b) is defined as
U (u)c (q, b) :=
qc
J
(u)
c (q, b)
(10)
where J(u)c (q, b) := µJ
(u,1)
c (q, b) + (1− µ)J(u,2)c (q, b). (11)
In other words, the joint interference function I(u)c is a convex
combination of I(u,1)c in (6) and I
(u,2)
c in (9).
The cluster-based power-constrained max-min utility bal-
ancing problem in the uplink is then provided by
Problem 1 (Cluster-Based Utility Balancing):
C(u)(Pmax) = max
q≥0,b∈NC
min
c∈C
U
(u)
c (q, b)
γc
, s.t. ‖q‖ ≤ Pmax
(12)
Here, ‖ · ‖ is an arbitrary monotone norm, i.e., q ≤ q′ implies
‖q‖ ≤ ‖q′‖, Pmax denotes the total power constraint.
According to the joint utility in (10),(11), the algorithm
optimizes the performance of capacity when we set the tuning
parameter µ = 1 (utility is equivalent to the capacity utility
in (5)), while with µ = 0 it optimizes the performance of
coverage (utility equals to the coverage utility in (8)). By
tuning µ properly, we can achieve a good trade-off between
the performance of coverage and capacity.
B. BS-Based Antenna Tilt Optimization and Power Allocation
Given the fixed (qˆ, bˆ), we compute the intra-cluster power
allocation factor β, given by βc := qˆc/
∑
c∈Cbc qˆc for c ∈
C. We denote the cross-link coupling matrix depending on θ
by V˜θ. In the following we formulate the BS-based max-min
utility balancing problem such that it has the same physical
meaning as the problem stated in (12). We then introduce the
BS-based joint utility interpreted by (r,θ).
1) BS-Based Max-Min Utility Balancing: To be consistent
with our objective function C(u)(Pmax) in (12), we transform
the cluster-based optimization problem to the BS-based opti-
mization problem:
Problem 2 (BS-Based Utility Balancing):
C(u)(Pmax) = max
r≥0,θ∈ΘN
min
c∈C
U
(u)
c (r,θ)
γc
= max
r≥0,θ∈ΘN
min
n∈N
(
min
c∈Cn
U
(u)
c (r,θ)
γc
)
= max
r≥0,θ∈ΘN
min
n∈N
Û (u)n (r,θ), s.t. ‖r‖ ≤ Pmax (13)
where Θ denotes the predefined space for antenna tilt config-
uration.
2) BS-Based Joint Utility: It is shown in (13) that the
cluster-based problem is transformed to the BS-based problem
by defining
Û (u)n (r,θ) := min
c∈Cn
U
(u)
c (r,θ)
γc
=
rn
Ĵ
(u)
n (r,θ)
(14)
Ĵ(u)n (r,θ) := max
c∈Cn
γc
βc
J(u)c (r,θ), (15)
where J(u)c (r,θ) is obtained from J
(u)
c (q, b) in (11) by substi-
tuting q with q := BTβ r, and V˜b with V˜θ. Note that (14) is
derived by applying the inter-cluster sharing factor such that
rn := qc/βc for n = bc. Due to lack of space we omit the
details of the individual per BS capacity and coverage utilities
corresponding to the cluster-based utilities (4) and (7).
IV. OPTIMIZATION ALGORITHM
We developed our optimization algorithm based on the
fixed-point iteration algorithm proposed by Yates [5], by
exploiting the properties of the monotone and strictly sub-
homogeneous functions.
A. MSS function and Fixed-Point Iteration
The vector function f : RK+ 7→ RK+ of interest has the
following two properties:
• Monotonicity: x ≤ y implies f(x) ≤ f(y),.
• Strict subhomogeneity: for each α > 1,f(αx) < αf(x).
A function satisfying the above two properties is referred to be
monotonic and strict subhomogeneous (MSS). When the strict
inequality is relaxed to weak inequality, the function is said
to be monotonic and subhomogeneous (MS).
Theorem 1: [7] Suppose that f : RK+ 7→ RK+ is MSS and
that h = x/l(x), where l : RK+ 7→ R+ is MS. For each
θ > 0, there is exactly one eigenvector v and the associated
eigenvalue λ of f such that l(v) = θ. Given an arbitrary θ,
the repeated iterations of the function
g(x) = θf(x)/l(f(x)) (16)
converge to a unique fixed point such that l(v) = θ.
The fixed point iteration in (16) is used to obtain the solution
of the following max-min utility balancing problem
max
p
min
k∈K
Uk(p), s.t. ‖p‖ ≤ Pmax (17)
where the utility function can be defined as Uk(p) :=
pk/fk(p).
B. Joint Optimization Algorithm
We aim on jointly optimizing both problems, by optimizing
(q, b) in Problem 1 and (r,θ) in Problem 2 iteratively with
the fixed-point iteration. In the following we present some
properties that are required to solve the problem efficiently
and to guarantee the convergence of the algorithm.
1) Decoupled Variables in Uplink: In uplink the variables b
and θ are decoupled in the interference functions (11) and (15),
i.e., J(u)c (q, b) := J
(u)
c (q, bc) and Ĵ
(u)
n (r,θ) := Ĵ
(u)
n (r, θn).
Thus, we can decompose the BS assignment (or tilt optimiza-
tion) problem into sub-problems that can be independently
solved in each cluster (or BS), and the interference functions
can be modified as functions of the power allocation only:
J(u)c (q) := min
bc∈N
J(u)c (q, bc) (18)
Ĵ(u)n (r) := min
θn∈Θ
Ĵ(u)n (r, θn) (19)
2) Standard Interference Function: The modified interfer-
ence function (18) and (19) are standard. Using the following
three properties: 1) an affine function I(p) := V p + σ is
standard, 2) if I(p) and I′(p) are standard, then βI(p)+(1−
β)I′(p) are standard, and 3) If I(p) and I′(p) are standard,
then Imin(p) and Imax(p) are standard, where Imin(p) and
Imax(p) are defined as Iminj (p) := min{Ij(p), I′j(p)} and
Imaxj (p) := max{Ij(p), I′j(p)} respectively [5], we can easily
prove that (18) and (19) are standard interference functions.
Substituting (18) and (19) in Problem 1 and Problem 2,
define U (u)c (q) := qc/I
(u)
c (q) and U
(u)
n (r) := rn/Ĵ
(u)
n (r), we
can write both problems in the general framework of the max-
min fairness problem (17):
Problem 1. maxq≥0 minc∈C U
(u)
c (q)/γc, ‖q‖ ≤ Pmax.
Problem 2. maxr≥0 minn∈N U
(u)
n (r), ‖r‖ ≤ Pmax
The property of the decoupled variables in uplink and the prop-
erty of utilities based on the standard interference functions
enable us to solve each problem efficiently with two iterative
steps: 1) find optimum variable bc (or θn) for each cluster c
(or each BS n) independently, 2) solve the max-min balancing
power allocation problem with fixed-point iteration.
3) Connections between The Two Problems: Problem 1
and Problem 2 have the same objective C(u)(Pmax) as stated
in (12) and (13), i.e., given the same variables (qˆ, bˆ, rˆ, θˆ),
using (14), we have minc∈C U
(u)
c /γc = minn∈N Û
(u)
n . Both
problems are under the same sum power constraint. However,
the convergence of the two-step iteration requires two more
properties: 1) the BS power budget r derived by solving
Problem 2 at the previous step should not be violated by the
cluster power allocation q found by optimizing Problem 1, and
2) when optimizing Problem 2, the inter-cluster power sharing
factor β should be consistent with the derived cluster power
allocation q in Problem 1.
To fulfill the first requirement, we introduce the per BS
power constraint Pmaxn for Problem 2 equivalent to the BS
power budget rn in Problem 1. We also propose a scaled
version of fixed point iteration similar to the one proposed in
[7] to iteratively scale the cluster power vector and achieve
the max-min utility boundary under per BS power budget
constraints, as stated below.
q(t+1)c =
γcI
(u)
c (q(t))
‖BI(u)(q(t)) Pmax(t)‖∞
(20)
where  denote the element-wise division of vectors, ‖ · ‖∞
denotes the maximum norm, Pmax(t) := r(t). To fulfill the
second requirement, once q(n+1) is derived, the power sharing
factors β need to be updated for solving Problem 2 at the next
step, given by
β(n+1) := Q−1BTr(n),where Q = diag{q(n+1)} (21)
The scaled fixed-point iteration to optimize Problem 2 is
provided by
r(t+1)n =
Pmax
‖Î(u)(r(t))‖
· Î(u)n (r(t)) (22)
The joint optimization algorithm is given in Algorithm 1.
V. UPLINK-DOWNLINK DUALITY
We state the joint optimization problem in uplink in Section
III and propose an efficient solution in Section IV by exploit-
ing the decoupled property of V over the variables θ and b.
The downlink problem, due to the coupled structure of V T ,
is more difficult to solve. As extended discussion we want to
address the relationship between the uplink and the downlink
problem, and to propose a sub-optimal solution for downlink
which can be possibly found through the uplink solution.
Let us consider cluster-based max-min capacity utility bal-
ancing problem in Section III-A1 as an example. In the
downlink the optimization problem is written as
max
q,b
min
c
U
(d,1)
c (q, b)
γc
, s.t. ‖q‖1 ≤ Pmax
where U (d,1)c :=
qc
[ΨAV˜ Tb A
T
αq + Ψz
(d)]
(23)
The cluster-based received noise is written as z(d) := Aσ(d).
Algorithm 1: Joint Optimization of Problem 1 and 2
1: broadcast the information required for computing V ,
predefined constraint Pmax and thresholds 1, 2, 3
2: arbitrary initial power vector q(t) > 0 and iteration step
t := 0
3: repeat {joint optimization of Problem 1 and 2}
4: repeat {fixed-point iteration for every cluster c ∈ C}
5: broadcast q(t) to all base stations
6: for all assignment options bc ∈ N do
7: compute I(u)c (q(t), bc) with (11)
8: end for
9: compute I(u)c (q(t)) with (18) and update b
(t+1)
c
10: update q(t+1)c with (20)
11: t := t+ 1
12: until convergence:
∣∣q(t+1)c − q(t)c ∣∣/q(t)c ≤ 1
13: update β(t) with (21)
14: repeat {fixed-point iteration for every BS n ∈ N}
15: broadcast r(t) to all base stations
16: for all antenna tilt options θn ∈ Θ do
17: compute Î(u)n (r(t), θn) with (15)
18: end for
19: compute Î(u)n (r(t)) with (19) and update θ
(t+1)
n
20: update r(n+1)c with (22)
21: t := t+ 1
22: until convergence:
∣∣r(t+1)n − r(t)n ∣∣/r(t)n ≤ 2
23: update Pmaxn
(t) := r
(t)
n
24: compute l(t+1) := minn∈N Û
(u)
n (r(n+1))
25: until convergence: |l(t+1) − l(t)|/l(t) ≤ 3
In the following we present a virtual dual uplink network in
terms of the feasible utility region for the downlink network
in (23) via Perron-Frobenius theory, such that the solution of
problem (23) can be derived by solving the uplink problem
(24) with the algorithm introduced in Section IV.
Proposition 1: Define a virtual uplink network
where the link gain matrix is modified as Wb :=
diag{α}V˜b diag−1{α}, i.e., wlk := vlk αlαk , and the received
uplink noise is denoted by σ(u) := [σ21
(u)
, . . . , σ2K
(u)
]T ,
where σ2k
(u)
:= Σtot|Kck |·C
for k ∈ K, and assume
Σtot := ‖σ(u)‖1 = ‖σ(d)‖1 (which means, the sum
noise is equally distributed in clusters, while in each cluster
the noise is equally distributed in the subordinate users). The
dual uplink problem of problem (23) is given by
max
q,b
min
c
U
(u,1)
c (q, b)
γc
, s.t. ‖q‖1 ≤ Pmax
where U (u,1)c :=
qc
[ΨAWbATαq + Ψz
(u)]
(24)
where z(u) := Aσ(u).
Proof: The proof is given in the Appendix.
Note that the optimizer b∗ for BS assignment in downlink
can be equivalently found by minimizing the spectral radius
Λ(u)(b) in the uplink. Once b∗ is found, the associate
optimizer for uplink power q(u)
∗
is given as the dominant
right-hand eigenvector of matrix Λ(u)(b∗), while the associate
optimizer for downlink power q(d)
∗
is given as the dominant
right-hand eigenvector of matrix Λ(d)(b∗). Proposition 1 pro-
vides an efficient approach to solve the downlink problem with
two iterative steps (as the one proposed in [11]): 1) for a fixed
power allocation qˆ, solve the uplink problem and derive the
assignment b∗ that associated with the spectral radius of extend
coupling matrix Λ(u), and 2) for a fixed assignment bˆ, update
the power q∗ as the solution of (25).
Although we are able to find a dual uplink problem for the
downlink problem in (23) with our proposed utility functions
under sum power constraints, we are not able to construct
a dual network with decoupled properties for the modified
problem under per BS power constraints (20). However,
numerical experiments show that our approach to the downlink
based on the proposed uplink solution does improve the
network performance, although the duality does not exactly
hold between the downlink problem and our proposed uplink
problem under the per BS power constraints.
VI. NUMERICAL RESULTS
We consider a real-world urban scenario based on a pixel-
based mobility model of realistic collection of BS locations
and pathloss model for the city of Berlin. The data was as-
sembled within the EU project MOMENTUM and is available
at [17]. We select 15 tri-sectored BS in the downtown area.
Users are uniformly distributed and are clustered based on
their SINR distributions as shown in Fig. 1 (UEs assigned
to each sector are clustered into groups and are depicted in
distinct colors). The SINR threshold is defined as -6.5 dB and
the power constraint per BS is 46dBm. The 3GPP antenna
model defined in [18] is applied.
Fig. 2 illustrates the convergence of the algorithm. Our al-
gorithm achieves the max-min utility balancing, and improves
the feasibility level C(u)(Pmax) by each iteration step.
In Fig.3 we show that the trade-off between coverage
and capacity can be adjusted by tuning parameter µ. By
increasing µ we give higher priority to capacity utility (which
is proportional to the ratio between total useful power and total
interference power), while for better coverage utility (defined
as minimum of SINRs) we can use a small value of µ instead.
Fig. 4, 5 and 6 illustrate the improvement of coverage and
capacity performance and decreasing of the energy consump-
tion in both uplink and downlink systems by applying the
proposed algorithm, when the average number of the users per
BS is chosen from the set {15, 20, 25, 30, 35}. In Fig. 5 we
show that the actual average SINR is also improved, although
the capacity utility is defined as a lower bound of the average
SINR. Fig. 6 illustrate that our algorithm is more energy
efficient when comparing with the fixed BS power budget
scenario. Compared to the near-optimal uplink solutions, less
improvements are observed for the downlink solutions as
shown in Fig. 4, 5 and 6. This is because we derive the
downlink solution by exploiting an uplink problem which is
not exactly its dual due to the individual power constraints (as
Fig. 1. Berlin Scenario.
described in Section V). However, the sub-optimal solutions
still provide significant performance improvements.
VII. CONCLUSIONS AND FURTHER RESEARCH
We present an efficient and robust algorithmic optimization
framework build on the utility model for joint optimization
of the SON use cases coverage and capacity optimization and
load balancing. The max-min utility balancing formulation is
employed to enforce the fairness across clusters. We propose
a two-step optimization algorithm in the uplink based on
fixed-point iteration to iteratively optimize the per base station
antenna tilt and power allocation as well as the cluster-based
BS assignment and power allocation. We then analyze the net-
work duality via Perron-Frobenius theory, and propose a sub-
optimal solution in the downlink by exploiting the solution in
the uplink. Simulation results show significant improvements
in performance of coverage, capacity and load balancing in
a power-efficient way, in both uplink and downlink. In our
follow-up papers we will further propose a more complex
interference coupling model and the optimization framework
where frequency band assignment is taken into account. We
will also examine the suboptimality under more general form
of power constraints.
APPENDIX
Proof:
Proposition 1: For any fixed BS assignment bˆ, denote
Wˆ := Wbˆ and Vˆ := V˜b for convenience, the optimal
downlink power solution qˆ(d) for problem (23) satisfies [9]
Λ(d)qˆ(d) =
1
C(d)(bˆ, Pmax)
qˆ(d), qˆ(d) ∈ RC+ (25)
where Λ(d) ∈ RC×C+ is defined as
Λ(d) := ΓΨ
[
AVˆ TATα +
1
Pmax
z(d)1TC
]
. (26)
we denote Γ := diag{γ1, . . . , γC}, C(d)(bˆ, Pmax) =
maxq≥0 minc U
(d,1)
c /γc subject to ‖q‖1 ≤ Pmax, and 1C is
a C-dimensional all-one vector. (25) and (26) are derived by
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Fig. 3. Trade-off between utilities depending on µ.
writing the utility fairness U (d,1)c /γc = C(d)(bˆ, Pmax) for all
c ∈ C and the power constraint ‖q(d)‖1 = Pmax with matrix
notation. Targets γ is feasible if and only if C(d)(bˆ, Pmax) > 1.
Similarly, the optimal uplink power solution qˆ(u) for uplink
problem (24) needs to satisfy
Λ(u)qˆ(u) =
1
C(u)(bˆ, Pmax)
qˆ(u), qˆ(u) ∈ RC+ (27)
where Λ(u) ∈ RC×C+ is defined as
Λ(u) := ΓΨ
[
AWˆATα +
1
Pmax
z(u)1TC
]
. (28)
where z(u) := Aσ(u), i.e., z(u)c = Σtot/C for all c ∈ C.
The balanced level C(d)(bˆ, Pmax) and C(u)(bˆ, Pmax) are
the reciprocal spectral radius of the nonnegative extended
coupling matrix Λ(d) and Λ(u). Moreover, according to Perron-
Frobenius theorem, if both Λ(d) and Λ(u) are irreducible,
they have unique real spectral radius and their corresponding
eigenvectors (power allocation) have strictly positive compo-
nents. By comparing the interference terms in (26) and (28),
we have (AVˆ TATα)
T = AαVˆ A
T = Adiag{α}Vˆ IAT =
Adiag{α}Vˆ diag−1{α} diag{α}AT = AWˆ TATα. By
comparing the noise terms we have z(u) = 1C1Cz
(d)T1C
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(by using z(u)c = Σtot/C for all c ∈ C), thus z(u)1TC =
1
C1Cz
(d)T1C1
T
C = 1Cz
(d)T = (z(d)1TC)
T . By using
the properties of spectral radius ρ(X) = ρ(XT ) and
ρ(XY ) = ρ(Y X) we have that ρ(Λ(d)) = ρ(Λ(u)) and
thus C(d)(bˆ, Pmax) = C(u)(bˆ, Pmax). Notice that the network
duality holds for any given BS assignment bˆ, the achievable
utility regions are the same for both the downlink problem
(23) and uplink problem (24).
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